3.1 - Solving Quadratic Equations by Factoring KQH,

A function of degree 2 (meaning the highest exponent on the variable is 2), is called a
Quadratic Function.

Quadratic functions are written as, for example, f(x) = x> —x—6 OR y = x? —x —6.
f(x) is ‘f of ¥ and means that the y value is dependent upon the value of x. Once you have an
x value and you substitute it into the function, the value of f{x) will result. f{x) is reallyjust a
another way of writing y, and is used when the graph is a function (passes
the vertical line test).

Y A
When a quadratic function is graphed, a parabola results. :
1
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A very important feature of the parabola that results from a quadratic function is where it
| touches or crosses the x-axis. These are the x-intercepts of the parabola.

How many x-mtercepts can a parabola-have? Draw all possibilities:

ONE ‘A\‘J NTNE -

. i N .
What is the y value at an x-intercept? ; =0 a"@" an ‘)L'-n’\"l','

Therefore, to find the x-intercepts of a parabola, we can set y = 0 (or f(x) = 0) and solve the
resulting quadratic equation.

When yis setto 0, we call the question a quadratic equation instead of a quadratic function.
Quadratic function: f(x)=x*—=x~6 OR y=x>-x-6
Quadratic equation: x*—x—-6=0

The x-intercepts of the parabola are the zeros of the quadratic function. They are also called
the solutions or roots of the quadratic equation.

Therefore, how many zeros can there be for a quadratic function? O) ‘) of 1
How rhany roots or solutions can there be for a quadratic equation? i
O 1,0 L

One method to find the zeros of a quadratic function is to graph it and visually determine the
Xx-intercepts.
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You can often find the roots of a quadratic equation by factoring when in general form
ax’ +bx + ¢ = 0. Remember, the roots or solutions of the quadratic equation correspon
to the zeros of the quadratic function, and the x-intercepts of the parabola.

Example 2 - Solve and check x? +3x=-2

To ‘solve’ a quadratic equation means to find the roots or solutions. Steps are as follows:

1) Get everything to one side so that only zero is on the other.

2) Identify a, b, and c values, and factor accordingly into binomials.

3) The roots are the x-values that will make the product of the binomials zero. If either
of the binomials equal zero, then the product of the binomials will equal zero (this is
called the Zero Factor Property). Therefore, identify the x values that make each

binomial equal to zero. £ eithar b rac-(;ce.'f"

Solve and check x? +3v = -2 wals O, W(eq,n )eszwgs O
0F% X2, 4 D (x+2)(x+)=
O ¥+3x+2=0 A2, +3 (1\ h) klm o
@a=),b=3,c=2 @ el o brastel

) i , ) Hus brackel o
Find wo pumbes thaf (x4 2) e+1) =0 b
WMu Hﬂfﬁj ‘%“Tb ' Liﬁ;f &Jt( '}7 l) x: -2 , ....‘
Check: -2 -] Sketch the Graph:

HZ+3x="2 x* f??x =)

(32 (=

o+ -b =-2 j+-3 =2
J v’

Example 3: a) Solve x* — 8x — 430 =8 b) Solve 2x% + 6x —108 =0
-§ -¥

X*=&x-4g =0 2(x*+3x-5W) =0
(z-12) (x+ =0 2(x+9) (x-¢) =0

= '2,"‘" A= ’q)é’

C) Solve %XZ —x—4=0 d) Solve x_p_c_s - xj-l = x2_34i5_5

1 (x*-2x-8)=0 z _3 _ 30 Es
x-S+l = +) . -
- g"S)(?‘f-) (2-5)(x43)
- wlx#)-3(x-5) =30
7612:) 3 s x=& -3
X= 4, -2 x*+x-3x+iS =30
K>-2x-15 =0 x=-3

L(x-4)(x+2) =0
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ifc=0

difference
of squares

3x-6="1Tx
B3x*+Ix-L=0
3> +Gx-22-&=0C
I (x+3)-2(x43)=©
(xx+3)(3x 2)=o
x="3,%
Example 6 - Solve 3x* = —5x
3x*+$x =0
y (31,4- S’) =0

==

X )3

Example 7 —a) Solve x* —25=0
(x+3) (x-§)=0
x=15

xX*-6x—-b=0

When a # 1, factor by “decomposition.” Trick for finding roots:
Example 4 —Solve 3x” ~5x+2=0 (31-*1) =C
a=3, b=-S,¢=2 xac +b o '
XA ) +-g P\r'ﬂ\\'} Wa{’i‘eﬁ, ’
. -3,-2 L
-3 o g switch Sign
-3 x-x +L=0O i
Sx=3x i-l=o  3x-2=0 ' J
2o (2—1) -2 (x-DN=0 | 2=\ 3x=2 n= %
— <=2
(x-N(3x-2) =0 ‘T3

Example 8 - a) Write a quadratic equation with roots 6 and -1. b)g and —

® (x-6)er) =0 3x2)(zx+ D=0

Example 5—a) Solve 3(x* —=2)=-7x  b)Solve

c) Solve 49 —4x% =0

(’7-4-21)(7'21) =0
can '} we Fri ek as
I ferm in Sewad

b) Solve 8p? —18 =10
2 (L}pa—‘?) =0
?(ZP +3) (29"3>LD
;3

P =2

Cx?-x -2 =0



Pre 3.2 — Simplifying Radicals

When a radical is simplified, an entire radical is changed to a mixed radical (or a mixed
radical is further simplified). Example 1 — Simplify

a) V18 b) V24 c) 3v50
[3-2 g 3.[25-2
[ 03 i ole 3Jas 2

3..,[; Qfé”: 3)‘5'\’-5;
37 I5Z
gv7z  [18 e) 2v45 f) V50
3T A 2-B°s_ 2
B 2% 2-[3 45 5 7
B N4 3efi2 Z'B’E s
an 3-Jw-Jz i3 )
2z
67z

A final answer cannot have a radical in the denominator. Therefore, you may have to
‘rationalize the denominator’ — a process that will eliminate the radical from the
denominator without changing the value of the expression.

Example 2 - Simplify: a) ‘/_J:]L b) % c) %3:[{3}
sm JE | I

I Vs 2.3

Sometimes, you can further simplify after rationalizing the denominator.

-2 V3 ik V6 < Jio
Example 3 — Simplify: a) \7_ ;.; b) \6/_"]% ) %-J{‘;B
= 4z ([5G 7 (50
2 g 210
= 202 7[wis
4};’ £ gy
(4 J75
I
81T =
o 7IE




Sometimes, you can first simplify by dividing, and then you may or may not have to
rationalize the denominator after. When dividing radicals, divide the coefficients, and

divide the radicands.

414 —9+/48 6V3
Example 4 — Simplify a) 3 b) o3 c) —
V18 ]
= | bedE
=217 -2 e o1 | J7 e
N Ve |

"-3-(,”} E; f’.-fg
) 6l a

= -6
When solving quadratic equations using the quadratic formula (section 3.3)!; you will often
have exact answers that may need simplifying. Here are some examples:

~
S 39

Example 5 — Simplify a) —34_:/57 b) 2:t;/ﬁ c) 5_-|_1-__Z)/§
d 32[7s O 2[kr @ stz
& i o
32303 2+ W3 £t 23
= A L I AN
¢ y /o
Ry B E - [+ 23



3,2A - Solving Quadratic Equations by Completing the Square

square
root

Prind’Flo

When there is no bx term in a quadratic equation, first look to see if it is a difference of
squares (is each term a perfect square, and is there a subtraction sign in between?). If it is
not a difference of squares, it can be solved by the square root Pn‘ndpl&

The general form of a quadratic equation that you could solve using the square root
f’r:’na}ole isax®*+c=0.

Example 1 - Solve 9y° —=21=0

1) Get everything that isn’t squared to one side.

2) Square root both sides.
3) Consider both the positive and negative square roots.
4) Simplify any radical solutions as much as possible in exact form.

0 9-21=0 0 y:i@
2.7%= 2| i
y &

3

— _;2__! ﬁ:i

y=3
e fF

Example 2 - Solve: a) 2x* — 11 = 87 b) 50y% = 72 ) (x+3)* =16

® 2x>-48 OSow-12 ©J3F=+)c
2 2 o SO

. v i2 =+
X= Y9 > 3¢ e
—= Y Tas x43=t 3=
Il-:j:tfo] 2 = 1|36 o = =
Iy =% 2=\ x=-1

3 3 =
xr=£ 353 1’1:125
=2
>_+H 8 <= t2]/& x> 23+
X = 3 _:3—_ er




completing
the square
hena=1

Sometimes factoring quadratic equations (2.1) is not possible, as you cannot fmd the two
numbers that multiply to c (or ac) and add to b. When this is the case, you can still solve the

quadratlc equation by a method called completing the square.

solved by factoring, but we will use it to introduce how to complete the square.

1) Get c to one side of the equation.
2) If the a value is 1, find the b value, halve it, and square it.

Example 3 —Solve x?>—24=—-10x by completing the square. This example can easily be

brackets that are ex-acfly the same).

B (F+10x+25=24+2S
B (x+8)* =41

® [Cusr = +[5q

Example 4 — Solve by completing the square. Express the solutions in exact form.

a) w—4w—11=0

5) Solve using the square root property.

b) x2+5x+7=0

3) Add the number from step 2 to BOTH sides of the equation.
4) Factor the trinomial on the left (we created a perfect square trinomial, so it will lead to 2

x% — 24 =—10x x+5=1I71
22+10x =24 x+&=T7 X*5=-]
L=10 3 53 25 x=2  X=-12

cgm?—-5m+3=0

Wi-Hw = x*+5x= -1 m*-Sm=-3
b=-" 5 -2 5 b=5, £, % =5 50 &
xH
- e 425 o 2852 -Z+ 28
We=Gwig =it X5t 1:25 mSm =
2 - . - 2_ 13
(N'D') s x7‘+ M *.%5 = “% @’] ’%\ r
DPENIT iz, - .
W-2 (x+%)° - —% m-2 = fﬁ—;
w= li'Ji_"s cmmofs voel” m-"i'-‘-i_j_:.”
F;j‘!]{ 5;5(("_ ﬂﬂ;‘ﬁ)‘ﬂ“ﬁ - \i-‘-l:
no Solu 1('*‘“‘5 m= +3 . §
[He Famba)a has = 2
ne )f."'lf\‘l‘f) M= gi_m




3.2B - Solving Quadratic Equations by Completing the Square Part 2

. If a # 1, there are a few more considerations when completing the square.
completing

the square Example 1 —Solve 2x? —5x —1= 0 by completing the square
whena =1

1) Getc to one side of the equation.

2) Factor the a value out of the left side.

3) Divide both sides by the a value to leave x* + bx on the left side of the equation.
THEN find the b value, halve it, and square it.

4) Add the number from step 3 to BOTH sides of the equation.

5) Factor the resulting trinomial on the left.

6) Solve using the square root principle and answer in exact form.

x¥
2x* ~5x—-1=0 2_ ¢ av . 1,28
. C L 32+

> 1L
0 2p25%=1 &

Xy

L’".
2.5 _, - 6) 5.5 - +/33
) X -5H A= ==L
G Ixm3 T i
L= -5 ¢+8 2 25
2 %9 ¢ L= FJ33 +£
g Y
Example 2 — Solve by completing the square. Answer b to the nearest hundredth. An easy
way to
a)3x* —2 = —4x © b) —2x2—3x+7=0 Falue
fraction
3+ Yx =2 ] =2x*+3% sto
doubl
[+ H2) =2 22+ 3 =1 the
) iy 5 -
Sl 223D =T s
,'v.‘b:.k'-li .33 %
béf?b&j‘i b=25 %57
3 a 7‘?4'_‘1
5 X g 2 P = /1
yrrix+ L= Z+ -'—f; XH3X e 25 1
3 9 3»\‘3 3\2, b5
21\ _ _’2 ('1,*1'1}‘) - 6
X +3) 7 79 -3+ Jus
? B x==
EXhs
1"’32*"’13@ x= 240 PR !
w2 = +[25-2 x=127 =217
c x{l°o_ R R
X =2 3 3 U ———




word
problems

T e |

3C0m 72

F.2
2

Am‘ N (7,0) (z0) = LOOW

:"ﬁr (0

pa
’wﬂ% oG ﬂdw{eﬂ and ka\ = 30+ 2%«
| W\‘-»{“H; of :;m(zzn and ﬁJLL} 1o +2L
(Z0+2x) (Zo+x) = 7635
(o0 +LOx+ Hox + hx* = T0338
Lf'_)tl § o0y THO0F TJeu¥

A gisdant = (boo)(1.173) =Te3.8m"

Example 3 — Solve by completing the square: 3x2+6x—-1=0

?317—1—[97(-:-' 14_‘;1;2;_‘]3
3(x*+22) =1 s
Z 3

. 3 x+i= £213
7‘14'23(— = 3 -\ 2
b=23¢ 151 e t20 3

2 3
XX+t 1 "‘3];*.1;3} |
x= -2*2J3
' >3
o %

Example 4 - Butchart Gardens wants to build a pathway around its rose garden. The rose
garden is currently 30m x 20m. The pathway will be built by extending each side by an
equal amount. If the area of the garden and path together is 1.173 times larger than the
area of just the rose garden, how wide will the new path be (to the nearest tenth)?

Uy Hipoy=103.8 =

(2 +1) = l03.3

i
xX3+25x = 1S 4%
=25 5 128 5 15625
¢ 25x+ 158,25 = 2895 TIS6D
(x+125)* = 182.2
4128 = + 3y
x=k
h‘ZjeL"'
The new ?ﬁ'w will
be 1.Om wide .



3.3 — The Quadratic Formula

discriminant

guadratic
formula

Quadratic equations can be solved by graphing, factoring (3.1), the square root
property (3.2) and/or completing the square (3.2). Each of these methods have
advantages and limitations. '

Any quadratic equation can be solved using something called the quadratic formula. If
the quadratic equation is in standard form (ax? + bx + ¢ = 0), the quadratic formula
is:

—b +Vb? — 4ac
X =
2a

Example 1 - Solve 3x2 + 5x — 2 = 0 using the quadratic formula

a=3 =S ¢=-2 RN
y=-St[-uB) | 2= -S4 X=T =3
T A .1=_%=_—2
s +] | x=-S*1
xX= 7 + {25+ 24 27 o= _2’_31
¢

There could be 0, 1, or 2 resulting roots, depending on the discriminant, the
expression under the square root (b? — 4ac). Solutions can be written in simplest
radical form, or decimal form.

How would the discriminant determine the nature of the roots (the number of roots)?

ifb%2 — 4ac >0, there are 1 )L-"w\%*w(,-\—s-

If b2 — 4ac = 0, ther s il x-i.r\jrercqoi'

If b — 4ac < 0, Yhere are o 1., W\{f{;éph G_qymo‘i" §1uﬂ{€ tw][ I3 weﬂit'iw‘ﬂ
: V\umlozr)

Example 2 — Determine the nature of the roots, and then solve 3x? + 2x —4 =0

x:'lim) a=3 b=2 c=-4%

using the quadratic formula

0‘(5(,{\ minaw} 3 bz— Yac

PO AL Lf“@
:—‘—ig; g -x=_-_3_%115__1. y=-|t[B
- 3

O{lSU‘W\>O ;So 2 (ba:"S
T—



derivation

=(-3)*- U

L%-Hac
(0:28)(9)
= O so 1 vest

—

a)x2=2x+1
x*-2x-1=0C
a=l, b=-2,c="I

Lt Ji>-Hac

x:—
2a

2= 2HJEP-umEY

Derive the quadratic formula:
a+bx+c=0

o+ b= —C

C+g= =

L kb

1’4—%1 +%\;- “(C[ +LL
x,,ﬂ

7(.7.+ by r‘; ~hac , b*
Huy2 '-M

Example 3 — Determine the nature of the roots forix2 -3x4+9=0

&R=025 b=-3 c=4

Example 4 — Solve using the guadratic formula. Leave answers in exact form.

2('%)
x> s + 125 %36
¢t~ 3b | =36




6.5 — Rational Equations

A rational equation is an equation containing at least one rational expression. Remembe:
when working with an equation, whatever you do to one side, you do to the other side.

Steps to solving rational eo]uations:

1) Factor each denominator if possible.

2) ldentify any undefined values (and do this throughout).

3) Multiply both sides of the equation by what would be the lowest common
denominator in order to eliminate the fractions.

4) Solve the equation.

5) Check your solutions.

Example 1 — Solve a) + =35 ‘1?‘;0! b) 31(—5.*; X+ 8* W__ECZI
Z— + & =39 The common denominstyr Mu Ih; ly et ﬁ’nw é x
B x would be Hx, <o mulbiply £ :9 J

g E"\.@-fg Ferm Lj i‘fl 3)’1'(-; = X “"Ql
7 (¥ .
2 +24= (42 (Z+§)(X+l) =0
y = -3,-2

w2 JuyoeIli = ¢

1Y+ 24 =0 .
_x [t Checl:
(Z-’l)()["Z):O 1= =7

& = -2+¥ -£ -24+¥
=12,2 375 _ 5
| | 3+1=3 3+3= ¢

Check ¢adh i wfbﬁ'ﬂﬁj; and v

H & both work.

x 3 30
Example 2 —Solve - =
x-5 x+1  x%2—4x-5

- ¢*~25-1S =&
z _3 _3 [ZF5-] 7 '

x-E el (-s)(x+) : (x-5)(xt3)=0
2 A
oA 5o ) o= X 3
s A (=) (x1)
x(e+)) - 3(x-5) = 30

xZ4x-3x +1S = 20 _ =

W aeée e d veluz

12’—27,4"5—:30




3¢ (x-3) = 5x+2) = -2
3;(?"3]1'5—76’ jo=-2%
I - 14x #15 =0

3 Gp- S +IS 7O
2 (x-3) =S (z-3) =°
(x-3)(Bx=5)=°

x%

undeﬂv\ea' valiee

="
x’ 3



3.5 — Applications of Quadratic Equations

Example 1 —The area of a regulation Ping Pong table is 45ft2. The length is 4ft more than the
width. What are the dimensions of the table?

4G = w4+ tw w+H
W wr+hw-4S=0 ﬂtf*;q
v (w+)w-8)=0 The dimeasions are
A=wiwi¥) w%—:{,S 9 x5t -
HE=w(w+u)

w=5

Example 2 —The sum of a number and twice its reciprocal i |s =. Find the number.

Lot x = Fhe number

Check 1 x=Y4
%~ +y=0 “+2(°3

xqf)_(J_B:fL o faed=2
xX Z2x*-¥x-n+Yy=o0 S

1+ 2 =9 [xFo| 2x(z-t)-1(x-Y)co  (heck:x=4

x 2 (x-4)(2x) =0 Lyaft)-a

() ) 4 ) el x2(t)-1
x + i x =4 ) 2 ti4=1
)C- 2 > o

v/
Ix*+ 4= Ix

The number can be Y or L

Example 3 — A 20cm by 60cm painting has a frame surrounding it. if the frame is the same width
all around, and the total area of the frame is 516cm?, how wide is the frame?

ix*+60e~S1L =0
(57 + box -129) =O
43, -3

> b (x+43)(x-3) =0

A‘haﬁ,-l =200 +S1b = J716 am?

| | e The frawma is
((00"?21) (7'@ 1 2-") = 1716 ' 3t wide -
1200 + l60x ¥ 4> = 1716




Example 4 — Sally biked from Mt. Douglas to Stelly’s, a distance of 25km, on two consecutive
days. On Day 1, she rode 3km/h faster so her ride took 20 minutes less. Calculate her speed on

both days and round to the nearest tenth. Let x= 5\7@_4 oA Dw;j 2 /
Ae)  s(9)  bwe (W) ﬁé\

Daxy XY z+3 L Lowmims = 4 hr
- 3 28
D&U 2 25 o 5

L.’.g 3) ‘51,L1" 3\ o '}-.Lj‘:‘ )

7 L B g
Ty e 3] | 2 3+ [Pl

25 A
Z+3 t3 x 2 Uf_
¢ ' = =2 & 14 : 136 '
5% ;'x(>c+3)=7§(x*3) x="3= ZO"i DJUJ 2 >yee;'l \L“‘%‘
TSx+ X% 3= 7S+ 22§ ij }‘-Bfii’c-i (&-€ %
x=-3E 3018
2 F+3x-228 = o i

Example 5 — The cold water tap can fill a container two hours faster than the hot water tap. The
two taps together can fill the container in 80 minutes: How long does it take each tap to fill the
container on its own?

Think bade te the Pﬁ“em of the ¥0 (%Hz.a) + 90x= | xlxtizs)
\’."(uw\i"uz\ ‘FI?F ‘e se “ji}{rj (_,F éit&tﬂ‘l‘lans,i 3011, Teo0 + ROL= 12+ 120%
time & fime ok 22— 4ox —1boo=0
'}-n\l‘,:‘ts_' _-Imlt.g.& 1o, RO
together 1 fogether — \ 122, N
Hme for g for (76—— \ 2—0) (x+t g0) =0
solo solo o |
x.= 120, - fejed"
wn minubes % =120 miautkes
S0 S0 _ l A+120 = 12otize = 2HOming
/;l x'i‘l?.o (__clpl Wﬁ+&r SU‘G +ﬂké$ \ZOIWN & l l\fj
R . . | :
Jime for e Het wader solo fakes 24omws of Fhis.
Cold waker ot \{“‘*w

solo jole
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