7.1 - Angles and Their Measure

angles in
standard
position

coterminal
angles

An angle that is drawn in standard position must have its vertex at the origin of the
Cartesian plane, and its initial arm must coincide

with the positiyje x-axis. Clockwise angles have a
terminal side negative measure:
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Example 1- Draw each angle in standard position and identify the quadrant in which it
lies: a)225°  b)-120°  c)-290°
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Angles in standard position that have the same terminal side are coterminal.
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Example 2 - Find three coterminal angles (at least one negative) for:

240"

g) 60° b) 225°
60°+ 3607 H2O° 225 +360° = §¥5°
6O +360° 43607 = 730" 225+ 3bo(2) = G4S°
28 -3L0° = —|35°

60" —360° = —300°

What is a general formula to find coterminal angles?

@ +3L0n , N isan 'mjreje(’



reference
angles

For each angle in standard position, there is a corresponding acute angle called the
reference angle, which is the acute angle between the terminal arm and the (nearest) x-

axis. Thus, any reference angle is between 0° and 90°

Quadrant 1 Quadrant 2 Quadrant 3 Quadrant 4
0= 6, B> 180-6 Or=E-180 Qp=3t0-0
(R yar O~

0.1 k eg

Example 3 — Draw each angle in standard position, and find the reference angle.

a) 30° b) 250° c) 325° d) 100°
0g=35" .
Bg=80
/N 1N
N

Bp=3C° Bg=T0"

Example 4 — Find the reference angle for:
a) 1450° b) -870°

1450 -360(*) = 10° -B704+360(3) = 210°
@R = 'Oo ek =300

Example 5 —Find all angles, 0° < 8 < , that have reference angles o .Doa
ple 5 —Find all angles, 0° < 8 < 360°, thath if gles of 30°
sketch.
= Find sin 8 for each with your calculator:
?!’;% $m30°=05
=9 : <in IS0°=0.5
1[0 \ Sin 210°= 0.5

. Dy y O_; —~— g
330"’ Sin 330 0.

Find cos @ for each with your calculator:

Cos 30°= 0.866 Cos 2{0°F —0.R6L
CK ISP = - 0.806 Cog 330 = 0.R66

What do you notice? Why are some results positive and some negative?

Because copeddinates can be heja'vt Jepmcl.‘ﬁﬁ on o‘vuul rants.




As a class, let’s complete the diagram to help explain the results in Example 5:

30°

1 1 OC
360°

330°
315°
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So SwnB = % 1 IOos;}“wa and oS 6
Cos 30°

sin 30°=0.% and
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=X is \aosi‘\ﬁuéz
=

= 0.866

-:::x ¢ . .
So S‘m‘@z% is PoSc{ﬂ\re a;u}l (;05@= = 15 ntgcc’ﬁw-e,
@ sn|sU=05 and  cos ISD°= —0.866
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o A P-oin’r in Quadsa Fis (ne) 'nej) X nej'cr\iw

% snB7F s negatve and o 0= ¥
@ Sin 207 -0.8 and (0s 210° = ~0.866
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Doy dive qrl cos©= 2 15 o8
o Sin @"‘ < 1S negv
@ Sin 3397=-0S e cos 3307 < °.8LE.




7.2~ The Three Trigonometric Functions

Suppose 6§ is an angle in standard position. Suppose the point at the end of the
terminal arm is labeled P(x, y), at a distance r from the origin.
4 J-axis (x,y) Youcan use areference angle to determine
elyinal slde the three trigonometric ratios in terms of x, y,
" and r.
Yy
sinf = A cosf = X tanf = —‘j—
. r - oL
0, 0) X x—axis=
| initial side
Trigonometry ratios in the four quadrants:
Quadrant2 90° < 6 < 180° Quadrant1l 0°< 6 < 90°
I - = _\d_ ! :',.‘i 1
Sinid - sind =
"t (D) = _‘1: L
R ‘? , _JAe
X -V : x
nD= =Y
tan © =] timo= 24
Quadrant3 180° < 8 < 270° Quadrant4 270° < 0 < 360°
sin 9= % S;ne::'_?: 1
= ~X _ X
| (0= F s 0= =
&
XN . . 9(*\ X’ i
B -4-4 DE % -
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CAST Here is a way to remember the sign of the trigonometric ratios in each quadrant:
only 310 Hos
S all 3 rano
e ™y o A posihive
y — oc\\ (s
eﬂ;j =y C positive
i}asi’i\w’




Example 1 - Identify the quadrant(s) for the angles satisfying the following
conditions:

a)sind < 0,cos@ >0 Qua_clrah'%’ \\/
b)tan < 0,cos8 <0 (Juddrant T

< | A
T | C

Example 2 — The point P(-5, -12) lies on the terminal arm of an angle, 6, in standard
position. Determine the exact trigonometric ratios for sin@, cos@, and tanf.

sy + (- =¢?
AL+ MYy =¢*
" 64 =v?
+ |.I + r: |3
-2 r=|i2 -2
Sin@= 13
P(,'Sj'p-) s 9 = :‘%

; - =12 12
= 555

Example 3 — Suppose 8 is an angle in standard position with terminal arm in quadrant
1 . i
ll, and tanf = < Determine the exact values of sinf and cos6.

_1 = °rP
" 4an O = ‘% = :L
S ad,
(-D*+ (-8 =r*
| + 2C =y?
— ‘“5' . 2é=r7'
! rzﬁ“’ r\=m
- -5
- T Cos O = —~
| "W m T =



Example 4 — Find sin « if tan a@ = 2.135 with & in Quadrant |lI. j,

funes = 2435 - -2.43§
—1

(-1)*+ (-2.138)2 = =
| + 4555225 =vr2

“25[ fe=2.3570 Y= 5.Ss¥922s
r=2357¢
SineX ST 0.906
= — = -p.42
2387 0 i
Example 5 -y = —2x, x < 0 is the equation of the terminal side of an angle @ in
standard position. Sketch the smallest positive angle 8, and determine sin @, cos 8,
and tan 6. 1 5
EaAvwn
j = -2x 5'0‘)e Vs T2
\ \{riﬁ\d \
2 <0 seo ‘iv\e,isiv\ Q\U,w\rwn}'_ﬂ'_
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7.3A - Special Angles Part 1

Suppose 8 is an angle in standard position. Suppose the point at the end of the
terminal arm is labeled P(x, y), at a distance r from the origin.

y-axis
A

terminal side

r

(x, ¥)

You can use a reference angle to determine

the three trigonometric ratios in terms of x, y,

and r.

©,0)

X
nitial side

sing = —H—
-

x
cosf = —
r

-
tand 3

A quadrantal angle is an angle in standard position whose terminal arm lies on one of
the axes. It’s easiest to suppose the terminal arm, r, has a length of 1.

Example — Find the values of sinf, cosé, and tan@ for each quadrantal angle on the

Cartesian plane.

*

0° 90° 180° 270°
sin@ B
'R 11)— _L:I = =0 .l.:—'
= ! n | )
cos6
x i: .9:0 _:.l_:— 9‘=O
o | | | b
tané
-1 4%
M | C.pn |[La" (2=0 |2-™
20 |5-"%,|%-0 3",

There are two right triangles in trigonometry that are especially significant because of their

frequent occurrence.

A 45°-45°-90° triangle with legs of each 1 unit has a hypotenuse of V2.

] opposite adjacent opposite
sing = — = =
hypotenuse hypotenuse adjacent
I S o H C A H T (0] A
. l I
5in45° = c0s45° = tan45° = =
J2 2 |
- - N2
br Sin Hgo: E;: Cﬁ:) L}S‘"‘ -—-7:



A 30°-60°-90° triangle has legs of 1 unit and v/3 units, with hypotenuse 2 units.

sin30° = (— cos30° = L tan30° =

all—

sin60° = ———  ¢c0s60° = — tan60° =

Q\
.,

The trigonometric ratios are given as exact values (in fraction/radical form as opposed to
an approximated decimal).

What is the CAST rule again? S A

T | C

Example 1 - Determine the exact values of: a) cos 135° b) sin 240° c)tan 120°

(7 2
N \E} —_
i 135° L (vad 20
4N =¥ 71N , e |« Ji
ol =
-E 4

- 0.,.\r§____
COSBS":-'—:‘ z S‘ml%"=‘% +uMZOv_—|-— ﬁ
2

Example 2 — Evaluate sin 30°, sin 150°, sin 210°, and sin 330°.

'

o ‘ o
Sih 307 = 3 Sin 210" = 5

. = i s \
S — S?n|50:3

o_ I




7.3B — Special Angles Part 2

solving
for angles

Warmup 1 — Draw the 45°-45°-90°
triangle and the 30°-60°-90° triangle

below:

J2

Warmup 2 — Quickly draw and explain
the ‘CAST rule:

l Qané
Oi\j d‘\'oﬂ
o NS A - ?‘o\sfﬁw
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Example 1 — Find the exact value of cos 240° F""‘k""

Cos 240" =

=
2

Steps for solving for angles given their sine, cosine, or tangent ratio:

1. Use the sign (+ or -) to determine the quadrant the solution is in.

2. Solve for the reference angle.
3. Draw a diagram and use the reference angle to find the angle in standard

position.

Example 2 — Solve for 6.

. 1
a)sinfg = — 5

Se 18 neﬂﬂ‘\w/ w Quads T ad ¥

- & +his cahio ic from a
JT; o OIS, 90° frinngle

\ @g""}so
- |1\Qum{f
AN I ad @

-~

S - 9oMS {08
and = 360-4S A3

(oS \iS()os'lf\‘vc " quads Tadl W

._l___ & Vs faho 1o foom
2 < 30,0 90 Hrivgle
bois ad Juco;«-‘l" o
BIX Lo s botis Op

6=60
wd ©= 360°~b0 =300"

O=60, 3%

3

0° < 6 < 360° b) cos 8 =%,0° <6 <360° c)sinf = —73,'0° <9 <360°

Sine nes m Quads T aol TX

-\]_g S n-;d\‘us ‘c““"‘
> 30,0, 4%
N J3 s cwras\\t bo®

{5 $o [O° 1S Er

T

0= 185+ 60" 240"
@;390’—60 300°




Example 3 —Determine the measure of 8, to the nearest degree, given

a)sin8 = —0.8090, where 0° < § < 360° b)tanf = —0.7565, where 0° < 0 < 360°
Cine 18 I\QJDM"\V‘C LA Quwuis m ww( ]I h}"“‘“ “Qj " quds I and IV

QR \s c\\wﬂtnu; Mu}e) $o ]LD M 4., QR: ‘Eow\'\ 0. 1S6S
we need 4 fd O = it 0 9090 Or=37.1°

QR:SLP

0-130-37.| = |42ﬁ°--M‘3'7
©=360-37) =322.9%323°




7.5 — The Sine Law

developing
the sine law

sine law

So far, you have learned how to use trigonometry when working with right triangles.
Now, you will learn how to use trigonometry for oblique triangles (non-right triangles).

Draw an oblique triangle ABC and label the sides a, b, & ¢ (opposite the respective
corresponding angles). Then, draw a line (call it h) from B to b, so that it is
perpendicular to line b.

A

Write a ratio for sinA, and then for sinC. Then, solve each for h.

smA=2  h=csinA

c
S{V\C:% M:MSXY\C«

Since each ratio is equal to h, they must also equal one another.

cSn A= asinC 5o sinfA_ sin C

(0N c
oR
A _ cC
sm R B Sm(C

By using similar steps, you can also show the same for b and sinB.

For any triangle, the sine law states that the sides of a triangle are proportional
to the sines of the opposite angles:

a . b . c sinA_sinB_sinC
sinA  sinB sinC a b  c




Example 1 - Solve for side AB and side BC to the nearest tenth.
c a 5
ZA3

LA=1¢0° 1135

<A =3
M Tk zidea (B8O Y

s _ gin A

A

b o
To finel side ¢ (AB): “-—'73 S
v 'B - ;,‘c
: 110 - ‘;o a=73(sm30) _ 40 3,
Sin 118° e

sin 18 $in 357
13

C= 73!56./\59’) - Ltbz.zw\

Sin NS°

Example 2 — Solve for angle B to the nearest degree. Then find angle C to the
nearest degree and side AB to the nearest tenth.

A <B:
th"\A = S'\I\B
a b
b=5cm S §D0= 5in 13
't S

sinb = 5__(5‘#: )2 0asTe

c <B= 510104576 = 13.2°
c= 4 {cn56T53)

4 = 140P-50 7347 | Sde AB s sde e

. o ST
~ s A = SN g_/ S
=5 6153 v C L+ "
- . C=4HYeem
(C/: $7 S‘lﬂgd - SN Gb.153° ——
4 C
information For oblique triangles, what is the minimum information needed in order to use the
necessary sine law to find new information? _
;?nzslz:vhe Thinle of <A and side a as Q)ar{'ners . Same with <3 wad b ) and <Cad c.

To use Sine 'aw) .‘1“‘" mu“‘ k.\ow gv 'H\uj aLouf‘ oYle se;f 010 farwlnefs
L(U\ﬁ\e, a,{\pe ﬁde) -CL'n,J a+ ,&S{' ‘11[?0{‘ &PLO‘HU&“ §e+ %F ?QF‘I‘“Q/\S .




solving a
triangle

When solving a triangle, you must find all of the unknown angles and sides.
Example 3 — Sketch and solve the triangle (each answer to the nearest tenth).

< A=140°< C =25%a =20

fwvente ”-) &
<LA=1Me’| =20
| <= b= /
N as‘;.ZQ 4&“2?‘) c= -
A‘C-IS side ¢
side b s;:;A N Sicic
\\ 4 ~‘ \‘ - 3 Y
FV\O_{ B 523_- 5..‘_'"b_B sm [H0°_ sm2S”
180 -140-2S 20 “
B S Y& _ sia 155
<p=1% e b ¢ = 2o (sin28%)
= oSN A i
ST c=[3.149 = 151
b=8.05=8.

Example 4 — Solve the triangle (round to the nearest whole number).

<B=38b=8,a=6

I\I\veﬂ'orn v LC: ) ‘
Sl = sinB %0738~ 2744
AN g:%’ & b <e= 11t sol
<c= C= sinfl - sm3%° L£C=1\%
b v '
sin fy= 6.(s038%) side ¢
@ 510D - sinC
$ian A = 0.4 TU6 b c
Lf =50 IR ANRE 5:48%:= Sin T2 “jm
<A = 27444 = 851450
A= 2T s 3

={|®=12




7.6 — The Cosine Law

deriving
cosine law

cosine law

For right triangles, the trigonometric ratios sine, cosine, and tangent can be used to find
unknown sides and angles. For oblique triangles, sine law and cosine law must be used.

An effective way to work with oblique triangles is to imagine the angle and its opposite
side as ‘partners’. Thus, angle A and side a are partners, <B and b are partners, and <C
and c are partners.

In order to use the sine law, you must know one full set of partners and half of another
set. If you know only half of each set of the three partners, at least two of which are
sides, you must use cosine law.

Example — For each oblique triangle, state which law you would use.

a) x =30cm, y =28cm, z =32cm (b) <C =27°, @ =17m, ¢ =13m (c) <J =41°, k =16cm, p =14cm
L 1

3 ha\f parters 4} least Full st of parimers 3 walf pasners , ot leacst
Yup ot which are sides " S NE LAW dwo of wivch are ¢ des
2, (oSINE LAW << oSINE LAW
1. The cosine law can be developed by 3. Next, for AABD, write a Pythagorean
starting with oblique AABC and equation. Then FOIL (b — x)2. Can you see

drawing vertical line h from <B to side
b. Where h meets side b, call that

vertex D. Side CD can then be labeled
x, and side DA can be labeled b — x. W2+ (b-x)*= &

'13 h® + b2 -2bx +X° =%
: ‘\2*)(,1"'51'2»'01: C'L
'. WA
c @t + b* =2k = CF
A% +b? -2 s C=CF

where a? can now replace a part of the
equation? What can you replace for x?

2. For ABCD, find cosC and rearrange the C'7-= o+ b ~2a) cesC
equation to isolate x. Then write a N
Pythagorean equation for ABCD.
s(=% = x=asC

xl_‘,‘/\l:az

|
Cos\NE LAW .

The cosine law describes the relationship between the cosine of an angle and the
lengths of the three sides of any triangle.

c? =a?+ b%—2abcosC
Cosine law can also be written as a® = b% + ¢ — 2hccos A OR

b? = a? + ¢2 — 2accos B




Example 1 — Kohl wants to find the distance between two points, A and B, on opposite
sides of a pond. She locates a point C that is 35.5m from A and 48.8m from B. If the
angle at Cis 54°, determine the distance AB, to the nearest tenth of a metre.

side o
A ac = B
2_ .2, 12 _ ,
- 3ESANGH 6.8 ' =u +\£ 20 08 C )
- ¢*= B8R +(359)" -2(48.8)(355) cos BF

mvewntony ¢ C*= 23814Y +12bp2S— 1036.5%

e ct= |00S.13
<A= 0> HE.8m
{B= b =35.Sm o= \Ji 1Lb0S .13
e S C= 4o\m

3 half P&r'*’n%,g"’ ‘ml' =

Yo of w hich are Sc‘O(fS

go CP)g!NE LAW

Example 2 — A triangular brace has side lengths 14m, 18m, and 22m. Determine the
measure of the angle opposite the 18m side, to the nearest degree.

% 4=| €
\V\‘* C.

-,

(1/
S

3 alf Qu%m, all Phree are
Sdes Y, CosiNE LAW

Need 4o solve for <A

0=hi+ c}/lbcCosﬁ\

l9’=27_1+|l-}1~2{21)0t|)cosﬂ
22 =YY + 4L - blb cosh
324> (%0 —b1b cos A

(% - €0

-355 = —blb wsh

S =blb

0.5779% = Cos _
Lh=cos™ 0ST792 > 50




using Example 3 —In AABC, a = 29cm, b = 28cm, and <C = 52°. Sketch a diagram and determine

cosine law the length of the unknown side and the measures of the unknown angles, to the nearest
& sine law tenth.

A= A=29 cm To fd <A ¢ e
= =7¢ ) ——
228;:5? l£= - St g G 107521 b6b-1°
. éirl__A_:gano <B: él.ﬂ,o
3 alt purhes, o ace sides Y
o0 (OSINE LAW

sin A= 29 (52529
2

Sin H . ‘Oq 14
Q= 0.NY

P =02 vb™-2ab s
C2= (20 (28)-2(29)2%) cos T2
(=24 +78% - 499.53Y4

C*= bAS.166 dh= bb.”
c=bas-\bé =
Q: QS'C.WN

=




