Theory and Problems for Grade 12 Math CONICS ¢ 127

CONICS - OPEN-ENDED SOLUTIONS

1. a) dzJ(xz—xl)2+(y2—y1)2 = d=y(=3-6)7+(5+2)* = J130 = 11.40

b) d=y(x,-x)2+ (3 —3)’ — d=y13+45)>+@47+28)> = 948

O d =0 -x)+ (- n)? = d = [d+3+(2+DH7 = 365

+ X, = 2
2. a) M=[x‘q“‘--,y1;y2) 5 Mz(5 = 2] = (0,-2)

' _-3‘-'1"'-‘:1 ity i+1 2- 1 =7
= b)M_( 2 o ]%M:[ - -3

: j C) M:['EI:":: < Vlt\’:] R M:[a +c , —b+dj

' X+ X ~ +6 '
3.8 M, =212 , 5.7 > x = -10,
2 2
7 ~1
M= 272 3N 0y 2 7, L A-10,7)
B 2 T2
+ + 6
b M, =" o, _3-X X =-12,
g 2 2
= Mty o+ 2 _ .
i M,= S5 o g = y, =—18, =~ A(-12,-18)
X +x, x +b
¢c) M, = — - a= - x =2a-b,
2 2
Nty _ntec _ .
—aE Msz—) O_T—_) Yy =-¢ , . A(2a—b,—c)

4. a) Method 1: (using the distance formula)
Call a point on the line (x, y). Distance from (-5, 3) to (x, y) call d,

A : Distance from (7, 2) to (x, y) call 4,
d,=d,
d} =d}

(x+5)>+(-3)’=x-1*+(»-2)°
< x2+10x+25+y2—6y+9=x2~14x+49+y2—4y+4
h 10x—6y+34=—-14x—-4y+53
- 24x-2y=19 or y=12x-L%
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CONICS - OPEN-ENDED SOLUTIONS Theory and Problems for Grade 12 Math

4. a)

b)

5 a)
e)
6. a)
f)
7. a)
8. a)

Method 2: (using midpoint, slope of L, and equation of a line)
Find the L bisector of the line that connects the points
=5+7 3+2 -5 8=2 1
idpoint »— |=|1,=| , slope m= =-— , m =12
o [ 2 2 J ( 2) TS T TR .

y=3=12(x=1) - 2y-5=24x-24 — 24x-2y=19 or y=12x-2

Method 1: (using the distance formula)

Call a point on the line (x,y) Distance from (-5, 3)to (x, y) call d,
Distance from (7 , 2) to (x, y) call d,
d, =d,
d12=d22
(=2 +(+6)> =(x+8)% +(y+2)*
X' —4x+4+y" +12y+36=x> +16x+64+y2 +4y+4
—4x+12y+40=16x+4y + 68
20x~8y = -28 — 5x-2y=-7 or y=3x+1

Method 2: (using midpoint, slope of L, and equation of a line)

Find the L bisector of the line that connects the points
: 2-8 -6-2 5
Midpoint ¢ =-3,-4) ., slope m= -— ., Som, ==
P [ 7 2 ) ( ) PEm="8 5 LT3

y+4=3(x+3) > 2y+8=5x+15 — 5x—2y=-7 or y=3x+1

-6+2 2

circle b) hyperbola ¢) ellipse d) parabola
straight line  f) hyperbola g) Eoint h) two intersecting lines
(Row - conic) won - Conic ) (non -~ cawnic )
circle b) ellipse ¢) parabola d) hyperbola e) hyperbola
circle g) ellipse h) hyperbola i) parabola J) ellipse
|
x> +y*=9 b) (x+3)>+(y-4)?=25 ) (x+4)*+(y+2)*=7 ;
C0,0), r=6 b) C(3,-2), r=2 ©) C-4,3), r= 410 '
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x2+y2—2y+6x+1:0

(*+6x+__) + (y2-2y+__) =1

(> +6x+9) + (y2=2y+1) = —1+9+1

(x+3)* + (y-1? =9, Therefore, C(~3,1), r = 3

Copyrigh
their lice
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Theory and Problems for Grade 12 Math CONICS - OPEN-ENDED SOLUTIONS ¢ 129

9. b 9x? + 9y2 +6x—6y—142=0 ( recognize this as a circle: divide by 9)

x*+y? +2x-2y-12-90

" +3x+_ )+ (P -2y+_)=12
O +2x+ D+ (2 -y+h=12 4141
(x+%)2+(y—%)2=16 + Therefore, C(-1,1), r =4

¢) 4x*-12x+4 y2 =30=0 (recognize this as a circle: divide by 4)

‘_. x2—3x+y2—%=()
- (x* =3x+_)+y* =L
2 2
= (x —3x+%)+y _%.1.%
( _%)2‘*‘)’2:% Therefore, C(%,O), r:@
e 10.2) x*+(y-2)"=9 b) (x-1)*+(y+3)*=9 ¢ (x+2)’+(y-4)>2=7
b = x2+y2_4y_5:0 x2 +y2_2x+6y+1=0 x2+y2+4x—8y+13=()

~ 11. New centre is' (—4,1) andnew r=5 Therefore, (x+ 4)% + (- )2 =25

12. a) centre =midpoint of diameter ( 2 ;—4 b= 72+ 1) =(-1,-3)
A _J radius r = J(2—(-D)* +(=7~(=3))’ = v9+16=5 Therefore, (x+D*+(y+3)2 =25
"__ b) If (3,-6) and (7, 2) are endpoints, then the midpoint or centre is (? ,— 62+ 2) = (5,-2)

= s0, r=y(7-5"+(2~(-2)> =v20  Therefore, (x—5)? +(y+2)>=20

I 13. x> +y? —2x+4y+k=0

5 (2 -2x+_ )+ +4y+_ )=k
(F=2x+D)+ (Y2 +4y+4) =~k +1+4
(x-1D*+(y+2)>=—k+5  Therefore, —k+5=16—>k =-11

14. m+4)?>=9> 5m+4=49 5>m=-4+9>m=5 or —13
= 15. Distance from centre (0, y) to (1, 5) = distance from (0, y) to (7, 4) (both are radii)
So r=roR=r->0-D2+u-5'=0-0*+( -4 >

1 +y*~10y+25=49+y> -8y +16 — ~10y+26=65~8y —» y=-3  Therefore, C(0,~3%

- 16. Centreis (2,6) so (x—2)* +(y—6)* = r%. Ifitis tangentto y = x+2 then the slope of the tangent is
-~ L to the radius, so its slopeis —1 .. y—6=-1(x—2) is the equation of the radius, which simplifies
~4 to y=-x+8. This intersects y=x+2 at —x+8=1x+2 ~> x=3 so the point is (3,5). The distance

to the centre (2,6) is r=\/(3—‘2)2 +(5-6)% =2 Therefore, circle is  (x—2)* +(y—-6)2 =2
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130 ¢+ CONICS - OPEN -ENDED SOLUTIONS Theory and Problems for Grade 12 Math

17. Take the L bisector of (—12 ;0)and (2,0) whichisx= —5
Take the 1 bisector of (0,-2)and (0,12) which is y=5
The intersection point is (-5, 5) which is the centre of the circle.
Find the distance from (-5 »5) to any of the 4 points given, it will give the radius;

|
|
.l use (2,0) therefore, r=1/(2~(=5))* +(5~0)2 =72 o circle is (x+5)%+(y=5)2=74

|

18.a) y=(x-2)>-1

l } /

37 II

A\

1 l} /
AT

vertex (2, -1)

axis of symmetry x = 2
x —intercepts 1 , 3

y —intercept 3

0 y=i(x+2)? -1

vertex (-2, - 1)

axis of symmetry x = —2
x—intercepts 0 , —4

y —intercept 0

e) x=(y+1?

-3

vertex (0, —1)
axis of symmetry y = — 1
X —intercept 1

y —intercept — 1

) x=-1(y+2)?%+3

b) y=-2(x+12+2

'I F2
TN |
2 N
/ i

ll -

l; 3

| F-3

i k_“
vertex (-1, 2)
axis of symmetry x = — 1
x —intercepts 0 , —2

Yy —intercept 0

d) x=-y’+4

vertex (4, 0)
axis of symmetry y =
X —intercept 4
y —intercepts —2 , 2

r2
_f‘\..z" 2

vertex (3, -2)
axis of symmetry y = —2
x —intercept 1

y —intercepts —2 + \/6_ = 045, —4.45

Copyright © by Crescent Beach Publishing — All rights reserved. Canco
their licensing agreement. Ny part of this publication may be reproduced

Py © has ruled that this book is not covered by
without explicit permission of the publisher.

Ml""QQQQQQQQOQQQQ1»1-:.@.».:._.@&-----



Theory and Problems for Grade 12 Math
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19.a3) y=-x’+6x—4 b) x=-3y*+6y-2
y+4 = —(x*—6x+__ ) x+2 = =3 -2y+__ )
y+4-9 = — (x> —6x+9) x+2-3 = =3(y> =2y+1)
y=5 = —(x-3)* x—1 = =3(y—-1)?
y = —(x-3)*+5 x = —3(y-D*+1
Vertex (3,5) Vertex (1,1)
©) x+3y*+24y+41=0 Q) 1x*+2x+2y-7=0
x+41=-3y* ~24y 2y-7=—1x*-2x
x+41=-3(y>+8y+__ ) 2y~-T=-1(*+4x+__)
x+41-48=-3(y*> +8y+16) 2y-7-2=-1(x* +4x+4)
x=T=-3(y+4)* 2y-9=-1(x+2)°
x=-3(y+4)>+7 2y=—1(x+2)*+9
Vertex (7, —4) y:—%(x+2)2+%
Vertex (-2, 2)
e) 3x’+2y+6x-1=0 f) y+ax=-2x"+1
2yf1:;3x2—6x y—1—-2x% -Ax
2y 1= 3(x*12x1__) y-1= 2% 12x1 )
2y—-1-3=-3(x%*+2x+1) y—1-2=2(x*+2x+1)
2y —4=-3(x+1)* y—3=-2(x+1)*
2y==3(x+1)?*+4 y==2(x+1)*+3
y=—3@x+D*+2 Vertex (—1, 3)
Vertex (-1, 2)
20.a) y=(x-2)>+3 b) x=-1l(y+1)7-2
y=x*—4x+4+3 x=—1(y?+2y+1)-2
2 —4x-y+7=0 —2x=y*+2y+1+4
y2+2x+2y+5=0
¢ y=2x+1*-3 d) x=-20y+1H?-2

y=2(x*+2x+1)-3
y=2x*+4x+2-3
2x* +4x-y—1=0

x==200" +y+hH -3

1
2

x=-2y%-2y-2
2y +x+2y+2=0

x=-2y?-2y-1-3

—ew e st

21. This is a parabola going left or right, so if (3, 4) is a point then (3,—4) must also
be a point.
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132 ¢ CONICS - OPEN-ENDED SOLUTIONS Theory and Problems for Grade 12 Math
22.a) Method 1
dl = dz A 107
d12 =d22 1 ——34——----—‘&-—------.-'-,“(
61
(x+1)2+(y—y)2:(x—5)2+(y—3)2 9 e q{ W s (5,3)
X+ 2x+1=x" —10x+25+(y —3)2 ’ I e
0 50 i
12x=(y~3)? +24 ? PRI 6
.44 \

x=3(y-3)?2+2
Method 2:

x—h=i(y—k)2, (h , k) is the vertex
4p

Vertex is halfway between focus (5, 3) and vertical line x = — 1
p is the distance from the vertex (2, 3) to focus point (5 , 3)

x——2=$(y—3)2 , P=3 > x-2=1(y-3)?% > x=4(y-3)?+2

b) Method 1:
dl =d2 o= :
. 2 _ . 2 . * - ’ s
d,” =d, \‘ . Eﬁ .'!)I/(x’ ?
(x=202+(y+3)? = (x +2)? +(y —1)2 \ /|
Y 6y +9=(x+2)> +y2 =2y +1 \ewp /e
, : "\‘ — - - 7 — .I.
8y=(x+2)"-8 R Y
y=1(x+2)2-1 X o
Method 2:

y—k=4i(x—h)2, (h , k) is the vertex
P

Vertex is halfway between focus (~2,1) and horizontal line y=-3
p is the distance from the vertex (-2,-1) tofocus point (-2 , 1)

y+1=%(x+2)2 » PE2 o y+l=3(x+2)° 5 y=Ll(x+2)? -1
p
23.a) y=x? , flip over x-axis is y =—x? , slide horizontally left 4 is y=—(x+4)*, slide up 2 is
y=—(x+4)% +2
b) y=-(x-3)%+4,flipover y=4 — y=(x~3)* +4 side down 2 units —» y=(x-3)%+2

© y=x*+1 has vertex (0,1), y=(x+4c)* +1 has vertex (~4c,1) - —4¢c=-3 > c=%
24. y=a(x—h)* +k because of a vertical axis of symmetry — y=a(x+2)*-3 and (1,1) is a point
SO 1=a(1+2)2—3—>a=g Ly=2(x+2)? -3

25.3) y=a(x-3)>+ 4 but (2,0) isapointso 0=a(2-3)2+4— qg=-4 ny=—4(x-3)%+4

b) Jc=ayz—>—4=a(1)-—>a=‘—4—>x=—4y2
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Theory and Problems for Grade 12 Math

CONICS - OPEN-ENDED SOLUTIONS ¢ 133

26. Let the vertex of the parabola cable be (0, 0), then a
pointon y= ax® must be (125, 47) or (—125,47)

Therefore, y=ax* — 47=a(125)? —

a=

0.003008 — y =0.003008x>

But 30 metres from the end of parabola is 95
metres horizontally from the vertex

Therefore, y=0.003008 (95)2

=27.1472 metres above vertex

Height of cable 30 metres from the tower is
27.1472 + 3 = 30.1472 metres above the road

27. a)

b)

d)

2 2
x_ + y_ — 1
25 16
Centre (0, 0)
Vertices (5,0) , (-5,0)
Minor axis intercepts (0,4) ., (0, —4)
Major axis length 10
Minor axis length 8

x2 y2 ’

9 25

Centre (0, 0)

Vertices (0,5) , (0, —5)

Minor axis intercepts (3,0) , (-3,0)
Major axis length 10

Minor axis length 6

(x—2)?

+(y+1)* =1
Centre (2, - 1)

Vertices (2++/4 ,—1)= (4, —1), (0, - 1)

(125, 47)

(125, 47) .
(95, y).«

/ 30

Minor axis intercepts (2, — 1£+1 )=2,0), (2, -2)

Major axis length 4
Minor axis length 2

4x* +25y% =100

2 2
X Y

___+.___
25 4

Centre (0, 0)

Vertices (5,0) , (-5,0)

Minor axis intercepts (0,2) , (0, —2)
Major axis length 10

Minor axis length 4

53 m\ ©,0)
=

A

125m

e
1]
bk
wn

N‘—'—'—'.ﬂ-"]i--':'—'—c'—

==
I
|
I
|
|
I
b
|
1
1
|

}SOm
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= —

27. e)

g)

h)

28. a)

4x+3)2 +(y-2)* =16

2 22
x+3* -2 _,
4 16
Centre (-3, 2)
Vertices (=3,244/16 ) =(=3 ,6) , (=3, —2)

Minor axis intercepts (-3 £4/4 ,2) = (=5,2) , (-

Major axis length 8
Minor axis length 4

25(x+1)* +16(y —1)* =400

2 2
(x+D? (=D
16 25
Centre (-1 ,1)
Vertices (<1, 1£+/25 )= (=1 ,6),(=1, —4)

Minor axis intercepts (—1 i\/ﬁ, H=(5,1), (3,

Major axis length 10
Minor axis length 8

25x> +9y* =1
x2 yz
el
2 9
Centre (0 ,0)

Vertices (0 , 3) , (0, -3

+

Minor axis intercepts (4 ,0) , (=1, 0)
Major axis length 2

Minor axis length £

2
(x+4)2+y?=1

Centre (-4 ,0)
Vertices (—4,0++/9) = (=4 ,3) , (=4, -3)

Minor axis intercepts (—4 iﬁ ,0=(-5,0), (-3

Major axis length 6
Minor axis length 2

16x” +4y% +96x—8y +84=0

16(x* +6x+__ ) +4(y* —2y+__ ) = -84
16(x> +6x+9) + 4(y* —2y+1) = -84 +144+ 4
16(x+3)* + 4(y—1)> =64

2 _1\2
x+3)” G- _

4 16
Centre (-3,1)

i

1)

1.,2)

2

4

o

, 0) “i'

I
A
1
(]
1
1
]
|
|
I
1]
!
f
i
|
|
|

€
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28. b) 4x*+9y* —16x+18y—11=0

4% —dx+ __ )+ 937 +2y+__) =11
4(x* —4x+4) + 9y +2y+1) = 11+16+9
Mx—-2)2 + 9(y+1)?* =36

(x=2° , O+D’ _,

, Centre (2, -1
9 4 ( )

¢ x*+2y*-10x+8y+29=0
(x*=10x+___ ) +2(y* +4y+___ ) = —29
(x* —10x+25) + 2(y* +4y+4) = —29+25+38
(x—-5)% + 2(y+2)* =4

== , 0+2" _
4 2

1, Centre (5, -2)

d) 9x*+4y* +54x-8y+49=0
x> +6x+_. ) + 40> -2y+__) = =49
O(x? +6x+9) + 4(y* —2y +1) = —49+81+4
9x+3) + 4(y+1)" =36

x+3)*  G-D° _

1, Centre (-3, 1)
4 9

e) 36x> +64y” +108x~128y—431=0
36(x2 +3x+__ )+64(y* —2y+__ )=431
36 (x> +3x+9)+64(y* -2y +1)=431+81+64=576
36(x+3)°  64(y-1)° _576

576 576 576
x+32)? —1)?
(1 163) + -1 =1, Centre (-2,1)

f) 100x? +4y® —300x+16y +141=0
100(x* =3x+___) + 4y  +4y+__ ) = —-141
100 (x* =3x+2) +4 (> +4y +4)=—141+225+16
100 (x—2)* +4(y +2)* =100

(x-32)? LoD
1 25

1, Centre (2, —2)

27 \
! |
17 ——
2 A A1 2 TS
0 I %
i
", | -
3_ -"""H-\__\_‘_i_'____/
1
e !
12 4 le 8
e Ve = I
|
S A ,{ _____ | ____a____
b} |
=37 "\__L_,.«"
e |
P 4
N
] A [
O\ b
R SR (] (! S
I
r T
6 \4 | 2/ |0
'\.._\ | =
it B 2
2
]

[ R

|
,~—-—}—~_,_H
|
|
|
|
|
|
|
|

WAL S

]

i

i

T
v { .

\ 11 /
i .
|

‘*--..._z__.-/
I
]
I

L \‘ 15 T ¥ |'l., T
6 N4 2, [ 2 4
~‘\»\_‘__,____,.v/2
)

2] EN

/142N 3
0 { I
|
SRS . U/ IR r____ .
4 \ |
I
._ : _
1 . /
-y : ¥
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136 ¢« CONICS - OPEN-ENDED SOLUTIONS Theory and Problems for Grade 12 Math
x* (x—1)?
2 L= | Y e A |
a2 ) 9 " ) 16 25
L2 2
36 =+ L =1 a0 B Yy
9 4 16 25
4x* +9y* =36 25(x —1)? +16y* =400
4x* +9y* -36=0 25(x% — 2x +1) +16y2 =400

25x2 —=50x+25+16y> =400
25x% +16y* —50x—375=0

o :+(_V_l)_:l d) (x+2) +(y D 1
9 4 16
2 _1\2
ol 2+ =D 1)? _1 16 D O D™,
9 4 16
9x% +(y—1)2 =9 4x+2)" +(y-1* =16
9x% + y> —2y+1=9 4x* +4x+4)+(y: -2y +1)=16
gxzﬂ.yz__‘zy_.‘g:()_ _ 4x.2+.16.x+16+.)‘)272y+1=16 .
4x% +y? +16x—2y+1=0
_ 22 2
0 x-3)"  OG+D” _,
64 32
o =37 G+D*
64 32

(x=3)2+2(y+1)* =64

(x2 -6x+9)+2(y* +2y+1)=64
x2—6x+9+2y* +4y+2=64
x2+2y% —6x+4y-53=0

30. When the ellipse crosses the x-axis, y =0
2

Therefore, Z—9+%=1—>x2 =49 s x=+7 — (7,0) or (-7,0)

=1 then a = 9 therefore, major axis is 18

a2 2
a1 $23 L 042
25

and b

5 therefore, minor axisis 10

2 o) a2
32 a2 & 43) +(y;51) -1 b & 92) +(y+5)% =1

Cop'yri.ght @ by Crescent Beach Publishing — All rights reserved. Cancopy © has ruled that this book is not covered by
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2 2 2 2
33. x—+y—=1%ﬁ+z—=1—> y—=§—>
100 25 100 25 25 100
,» 25-36 5-6
Y 100 : 10

Therefore, hA=3m

10 5 5 10
|\ i Iﬂ i I o JJI
| /
\o . h I /
’_//"' g @,y

34. 16x> +9y* =144 is a square with centre (0, 0) then x=1y

so 16x% +9x* =144 5 25x* =144 > x* =1 > x=2 and y=12

but the area of the square must be (2x) (2y)=2-12-2-12 =38 ynits

35. If end points are (8 , 4) and (-4 ,4) the centre is (

2 e AY2
G=2" (=4

The ellipse is ~
. a b~

(x-2)*  (y-4* _

Therefore,
36 b-
" 2 _ 2 .
so - 0-=2 +(O _,4) :le~1—6—‘-—'-1——‘—‘—%
36 b? b? 36
2 2
36.2) -2 =1
9 16
Centre (0,0)

Vertices (3,0),(-3,0)
Asymptotes y = *4x

2 2 2 2

by LY g, Y E
25 4 4 25
Centre (0, 0)

Vertices (0,2),(0, —2)
Asymptotes y = +2x

2 2
o X_xX_
36 25
Centre (0,0)
Vertices (0,6), (0, —6)

_ 46
Asymptotes y = f<x

18 Therefore,

— 576 2

&:‘1,4) =(2’4)

2

=1 and the semi major axisis 8 -2=6

1, but graph goes through origin (0, 0)

-2 (-4,
36 18-

='1 b

Copyright © by Crescent Beach Publishing — All rights reserved. Cancopy © has ruled that this book is not covered by
their licensing agreement. No part of this publication may be reproduced without explicit permission of the publisher.



138 ¢ CONICS - OPEN-ENDED SOLUTIONS Theory and Problems for Grade 12 Math

36.d) 4x*—-25y% =100

2 2
x>,
25 4
Centre (0, 0)

Vertices (5,0), (-5,0)
Asymptotes y = +2x

2 2 g )’2
e x'-y"=9 > —-—=1
) y D

Centre (0,0)

Vertices (3,0), (-3,0)

Asymptotes y = tx

Note: This is called a rectangular hyperbola
when slope of asymptotes are +1

o)
4

f (x-1?
Centre (1, —2)
Vertices (1,++4/1 ,-2) =0, -2) , (2 ,-2)
Asymptotes y = £2x+b, through centre (1, —2)
=2=2)+b—>b=-4—>y=2x—-4
~2=2)+b—->b=0—>y=-2x

(x+2)° _ (+D* _

1
& 9 16
Centre (-2, -1)
Vertices (2449 ,-1) = (1, —-1) , (-5, —1)
Asymptotes y = i§x+b, through center (-2, —-1)
“1=5(-)+b->b=3>y=4x+3
-1=-% —2)+beb=—13—1—>y=—§x—13—1
. 2 _1\2 _1\2 . 2
p G _O0-D' L 0-D' -2t
25 16 16 25
Centre (2,1)

Vertices (2, 14+16)= (2,5) , (2, —3)
Asymptotes y = +2x+b, through centre (2, 1)

=t +b—ob=-3>y=2x-3

5
==t +bob=8 sy=—4x+1
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36. i)

37. a)

.b)'

x+D*=(y-2"=-1 > (y-2)* —(x+1)?* =1
Centre (-1, 2)

Vertices (-1,2+41) = (-1,1), (-1, 3)
Asymptotes y = +x + b, through centre (- 1, 2)
2=-1+b>b=3—>y=x+3
2=1+b->ob=1>y=—x+1

4x* —y* +8x—4y—4=0
4P +2x+_ ) — (Yr4dy+_ ) = 4
4x*+2x+1) — (Y2 +4y+4) = 4+4-4
4x+1)° - (y+2)2 =4
_+2)*
4
Centre (~1,-2)
Vertices (1141, =2) = (=2,-2), (0,-2)
Asymptotes y = +2x+ b, through centre (- 1,-2)
-2=2(-D+b—>b=0—>y=2x
-2=2-D+bob=—4—>y=-2x-4

(x+1)? 1

x=y? —2x=4y-2=0 °
x=2x+_ )= +4y+__ ) =2

(x* —2x+1) - (y*+4y+4) = 2+1-4
(x-D2-(y+2)°*=-1> +2):-(x-1D*=1
Centre (1,-2)

Vertices (1,-2%+1) = (1,-1), (1,-3)
Asymptotes y = tx+b
-2=1+b—>b=-3—>y=x-3
-2==1+b—>b=-1>y=-x-1

36x% —y? —24x+6y~41=0

36(x* —2x+__) - (' -6y+__) =41
36(x* —2x+3) — (> —6y+9) = 41+4-9
36(x—1* - (y-3)*=36

_1y2 _ (_3’;_3£=
(x—3) Y

Centre (1, 3)
Vertices (% +4/1 ,3) = (% , 3, (_%, 3)
Asymptotes y = +6x+b, through centre (1, 3)

1

3=6()+b—b=1—y=6x+1
3=-6(3)+b—>b=5—>y=—06x+5
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9x> —4y? +54x+8y+113=0

x> +6x+___ ) — 4y*=2y+__ ) = —113
9x® +6x+9) — 4(y*—2y+1) = —113+81—4
9(x+3)* - 4y-1)*=-36

G+3*_G-D*_ L O0-DP @+3)
4 9 9 4

37. d)

=1

Centre (-3 , 1) , Vertices (—3,1i\/—9—) =(-3,4), (3, -2
Asymptotes y = +2x+b— 1=3(-3)+b—b=L5y=2x+1

through centre (-3, 1)

e) 25x*-9y® —100x—54y+244 =0
25(x% —4x+__)-9(y* +6y+__ )=-244

25(x% —4x+4)—9(y% +6y+9)=—244 +100—81=—225

25(x=2)" 9(y+3)* -225

—225 —225 —225
(r+3)? (x-2)? .
25 9

Centre (2,-3 )., Vertices (2, —3++25)=(2.,-8
Asymptotes y = +3x+b —> —3=3(Q+b—b--L
throngh centre (2, — 3) —3——%(2)+b—)b=;

f) 4x*—y*>~16x-4y+8=0
4(x* —dx+_)-(y*+4y+__)=-8
4% ~4x+4) - (y* +4y+4)=-8+16—4
4(x-2)" - (y+2)* =4

_O+2)?
et

(x—-2)? 1

Centre (2,-2) , Vertices (2++1, -2)=(1,-2) ,
Asymptotes
through centre (2,-2)

2 2 2 2
38.a) =Y b) (x—z)_y_=1
4 9 16 25
2 2 2 2
36| X _ Y _q 400 | &= ¥
4 9 16 25
9x* —4y? =36 25(x—2)* —16y? =400

9x> —4y? —36=0 25(x* —4x+4)-16y% =400
25x% —100x +100—16y2 =400

25x* —=16y2? —100x -300=0

I=—3(3+bosb=-I5y=-2x-1

b ((2: 3 2)

_5._19
—y=3x

3
Sy=—2x+1

(3,-2)

y=12x+b— —2=22+b—ob=-6-y=2x-6
—2=2)+b—>b=2—>y=-2x+2

(x+2)° -7
4 16

16[0‘“;2)2 _(-D? =1}

c)

1

16

Ax+2)* —(y-D*=16

Ax* +4x+4)—(y2 -2y+D) =16
4x* +16x+16 - y? +2y—1=16
4x* —y® +16x+2y—1=0
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38. d)

_1\2
39, If 9(y—1)2 —4x? =36 » X D" _ X

O-D* =x+2)*

Ty
x2 _Mz_l

e) 1
9 12 18
2 2 2
g{xz _M:_l} 36{@—1) () 21}
9 12 18
9x* —(y-1)*=-9 3(y-1D)2-2(x+2)* =36

9x? —(y* -2y+1)=-9
9x% —y?+2y-1=-9
9x% —y> +2y+8=0

3(y? —2y+1)-2(x* +4x+4)=36
3y2 —6y+3-2x2-8x—-8=36
2x%* -3y? +8x+6y+41=0

2

4 9

Then, by equation of line: y—1=i%(x—0) - y=i%x+1

40. If y? —;—2:1 , then point (3, 2) gives asymptotes y = i%x , by definition y = i%-x = i%
2,2
Therefore b=3, so the equation is y? Y =1
41. a) y=1x and y=-1x+2 intersect when ;x=-1x+2—x=2, therefore centreis (2, 1)
"So givc-n' point (2, 5)- must be a vertcx
_ N2 - 2
Then distance from (2,1) to (2,5) is 4, so 161) i bf) -1
. 4 . 4 1 (y-1* (x-2)*
By asymptote definition y =*—x+ (y-intercept) .. —=——b=8, so —= =
y asymp y b (y pt) ) 16 64
4 . . . yr x?
b) If the asymptotes are y = i;x , the centre is (0, 0) with y-intercept (0, 8) — o1 b—2 =
The slope of asymptotes are i% but we are given asymptotes slopes of i%
2 2
SO §:i—>b:6 Therefore, LA
b 3 64 36
¢) Asymptotes y=-x and y=x+2 intersect when —x=x+2—> x=-1
So the intersection at (—1,1) is the centre of the hyperbola.
2 2
It has a vertical axis, so G ﬁl) _b +21) =1
a- b
12 2
If the length of transverse axis is 4, then a=2 and G 41) _& 221) =1
2 .
This gives a slope of the asymptotes of i; , but the given slopes are *1
-* (x+D?
Therefore, % = %——)b:Z SO Sh)) _(x 2 ) =1 or (y—1)7' —(x+1)2 =4

2 2

=1, thencentreis (0,1) and slope of asymptotes are i-%

1
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2 ] 1

42. y*> —x*=a® — atpoint(150,-a 100) -150 -100 -50 50 100 150

so (—a—100)? —150%> =a* o

a
a® +200a+10000-22500=a*— a = 62.5 p-
so y?—x* =62.5% =3906.25 S0 o
2 2 020, )
at (120,y) — y° —-120°=3906.25—> y=-1353 o as] BN,
(-150, -a -100) (0, -a-100) (150, -a -100)

height above base = 162.5-135.3=27.2 m

43. a)

b)

d)

To be a circle in quadrant II,!Z =C>0,D>0, E m with F being a value that makes the radius
positive. Completing the square of Ax” +Cy*>+Dx+Ey+F =0 —

(x2+2x+__)+(y2+£y+_)= -F —
A C
2, D D ? . E E 2 D i E )
XA =xt+|=—| | H Y=+ — -F+|—| +|—|., —
A 2A C 2C 2A 2C
2 2 2 2
therefore, — F +(2) +(—E—J >0 — F<(£j +[£j

pY\ EY pY (E

x+— | tyt—|=-F+|—| +| —=

2A 2C 2A 2C
2A 2C

DY (EY
or A=C<0, D<0, E>0 with F>—- — | —| —
2A 2C

To be an ellipse with major axis on x-axis is{ E=0 with C>A>0. l

To calculate F, Ax2+Cy2+Dx+F=0 — A(x2+§x+_]+Cy2=—F —

; i )
Al 17 +2x+(£ + Cy2=—F+D—, —
A |24 4A

2 2 2 2
Al e +Cy2=—F+2—,therefore,—F+P—>0 L rc
2A 4A 4A 4A

. 2
or E=0 with C<A<O then F > 411)4 )

To open up or downJA $0, C=0, E>0
not on y-axis,| DF 0 | no restriction on

open down must have AE >0 ; to have axis of symmetry

To be hyperbola, AC <0; to have transverse axis on y-axis |4 <0, C >0, D =0]no restrictions

on E. To calculate F, Ax>+Cy*+Ey+F=0 — Ax*+C y2+§y+_J+F:O —

- 2 2 2 2 2
Ax*+C y:+£y+(£—j +F=E— — AxX*+C y+£ +F:E—,with F<£—
& 2C 4C 2C 4C 4C

_ 2
or AC<0,A>0,C<0,D=0, F> 4?
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CONICS - MULTIPLE-CHOICE SOLUTIONS

ANSWERS
1. d 6. b 11. a 16. d 21. d 26. ¢ 31. ¢ 36. a 41. d 46. a
2. ¢ 7. d 12. b 17. b 22. ¢ 27. b 32. a 37. ¢ 42. b 47. ¢
3.b 8. ¢ 13. ¢ 18. a 23. d 28. a 33. b 38. b 43. ¢ 48. b
4. d 9. b 14. a 19. a 24. ¢ 29. b 34. a 39. d 4. ¢ 49. d
5 a 10. d 15. d 20. d 25. b 30. a 35. a 40. ¢ 45. b 50. ¢
SOLUTIONS
1. x-2=0— x=2,y+4=0 —> y=-4,answerisd.
2. b* =16 — b=4 then multiply by 2=8, answer is c.
3. x—2=0 — x=2,answerisb.
4, y+1=0— y=-1,answerisd.

2 2
5. 4x* —9y* =36 — S ey ; asymptote y=iéx — yziﬂx — y:igx , answer 1is a.

4 a NG 3

6. Circle: (x—h)>+(y—-k)’=r> - (x-0)2+(y+2)*=4> - x> +(y+2)? =16, answeris b.

(-2 o+’
9 25
—1<x<5, answer is d.

=1, centre (2, =3), b* =9 — b=13, therefore, 2—3=-1 and 2+3=5, domain is

(x=2)" (+3)°
25 16
therefore, —-3—4=-7, and —3+4=1 ,range is —7<y<1, answer isc.

8. 16(x—2)* +25(y +3)* =400 — =1, centreis (2, —3), b*=16 — b==4,

14
9. The y-intercepts have x=0, therefore, 16(0)* +9y? =144 — 97 74 -y :il?z =14, answeris b.

10. If both squared terms are positive and the coefficients are equal, equation is a circle, answer is d.

11. This is a hyperbola going up and down, therefore, vertices are (0, +2), answer is a.

.3 )
12. Equation of asymptote is y = i%x — y= +—9x — y= i%x , therefore, slope is ia, answer is b,

g
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29

Conjugate axis is perpendicular to the transverse axis, therefore, b =16 — b=14,lengthis 4x2=8,
answer is C.

Centre (-1, 2) with vertices i\/g =23 units from centre or (-1, —1),(-1, 5), therefore, line is

x=-—1, answer is a.

A must be a positive value not equal to 3, answer is d.

If A=—C, A#0, then this is a rectangular hyperbola, answer is d.

x*+y P +4x—2y=4 > (X +4x+__ )+ -2y+_)=4 >

(P +aAx+ D+ -2y+D=4+4+1 > (x+2)°+(y-1D*>=9, r=3 , answerisb.

x=a(y+1)?+2 with (0, 1) » O0=a(l+1)*+2 — 4a=-2 — az—%,therefore, x=-L(y+D*+2,
answer is a.

2y +3x+4y+14=0 — 3x+14=-2y* -4y — 3x+14=-2y"+2y+__) —

3x+14-2=-2(y*+2y+1) — 3x==2(y+1)°-12 — x=l32-(y+1)2—4

Vertex (—4, —1), answer s a.

y=2x"—12x+20 —» y-20=2(x*—6x+__) — y—20+18=2(x"—6x+9) — y=2(x-3)"+2,
vertex (3, 2), answer is d.

(y-1D)?—(x+3)*=a*, a=4 — (y—1)>—(x+3)* =16, answer is d.

y:i2x+c — y:i§x+c — centre (0, -1) , —1=i§(0)+c — ¢c=-1— y=i%x—l, answer is c.
a ,

Distance from (3, —1) to (-1, 2) is d = \[(3+1)2 +(=1-2)? =+/25 =5, therefore, (x—3)*+(y+1)> =52,

answer 1s d.

2 2
Ax? -By*=9 — _x; __yg =1 ; transverse axis length 31f2=—6 , answer is c.
o A VA
2 2 oy A . . .. A
4x"+9y"=A > ———0=1; 7 is larger, therefore, major axis is 2 7 =+/A ,answerisb.
49

If major axis is horizontal, then A < B ; to be on x-axis C =0, answer is c.
To be a hyperbola A>0, B<0 or A<0Q , B>0. To be on x-axis A>0, answeris b.
To have a horizontal axis of symmetry A=0, C#0 , D#0, answer is a.

. To be a parabola opening up ordown A#0 , B=0, E#0. To opendown AE >0 , answeris b.
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30. To be a parabola opening up or down A#0, B=0, E#0, vertex on y-axis D=0, opens down AE >0
answer is a.

’

31. 4y® —9x® —54x-8y—-113=0 — 4(y*—2y+_ )-9(x*+6x+__)=113 —
49* =2y +D-9(x> +6x+9)=113+4-81 — 4(y—-1D>-9(x+3)*=36 —
(y-1)> (x+3)°

9 4

=1, answer is c.

32. 2y +x+4y+5=0 — x+5=-2y> -4y — x+5=-200*+2y+__) —
x+5-2=-2(y*+2y+1) — x=-2(y+1)* -3, answer is a.

= 2 2
33. 144{(36;62) —(y;l) =1} — O(x*+4x+4)—-16(y* —2y+1)=144 —

9x> +36x+36-16y2 +32y—16=144 — 9x> —16y> +36x+32y—124=0, answer is b.

— 2 2
- 34. 400{(";53) +(y1_64) :1} — 16(x? +6x+9)+25(y* 8y +16) =400 —

16x* +96x+144+25y* —200y + 400 =400 — 16x* + 25y +96x — 200y +144 =0, answer is a.

35. These basic definitions are very important to understand and learn, answer is a.

. 36. If (2, 2) and (2, —6) are vertices, then (2, —2) is the centre with a =4, therefore,
= . 2 2 _9 2 i T 2

~ (x 22) +(y+2) =1, substitute @ :) +( 2+2) =1 — b®>=4, answeris a.
—= b 16 b~ 16

37. 4x* +2y? 4+8x—12y+F =0 — 4(x*+2x+_ ) + 2(y*—6y+__)+F=0 —
= Ax®+2x+1) + 2(y*—6y+9)+F=4+18 — 4(x+D> + 2(y-3)*+F=22.
The right side must have a positive value to be an ellipse, therefore, F < 22, answer is c.

2
38. y:i—j_—?;_x+b—> y=i§x+b,centre (-3,1) — 125(—3)+b — b=3, y=§x+3,answerisb.

= 39, 2 +y2—6x+4y—12=0 — (F*—6x+__ )+ +4y+_ )=12 -
(x> =6x+9)+(y*+4y+4)=12+9+4 — (x—3)*+(y+2)> =25, centre (3, —2) with radius 5,
5 units up for (3, —2) is (3, 3), answer is d.

40. In a rectangular hyperbola going up and down the asymptotes are y =*tx, therefore, the point must be
between45° and 135° or 225° and 315°, the only point that fits is (2, —5), answer is c.
x* 20

ol x> =2700 — x=30+/3, length is 2x =603, answer is d.
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42. If y?> —x* =a’ has point (3, 6), then 36-9=a> — a*=27 — y*—x*=27 with point (-5, k) —

43.

44.

45.

46.

47.

48.

49.

‘ 50.
|
|
|

k2 —(=5)2=27 — k?=52 — k=+/52=7.21, answer s b.

If endpoints are (-4, —2) and (8, —2), then centre is (2, —2) with a =6, therefore,

(x-2)° (y+2)? 1
36 B

bZ
_ 2 - a2
8, s0 (x=2) =3

=1, answer is c.
36 64

asymptote is y = %x+ ¢, but slope is %, therefore, %z% — b=

2 2 2

The length of the major axis of % + yT =1is 249 = 6, so x? — y? =1 must have a transverse axis length

of 8, therefore, 2\/E =8 — k=16, answeris c.
x=a(y+2)*+8 —» 0=-a(0+2)*+8 — 4a=-8 - a=-2, x=-2(y+2)*+8, answer is b.

If parabola has vertex (=3, 1) and passes through points (=7, —6) and (1, —6), then the parabola

must open down. y=a(x+3)%+1, use either point to solve fora, —6=a(1+3)*+1 — 16a=-7 —

-7 .
a=—, answer is a.
16

Open to the right gives x=a(y+1)*+73, substitute 7 =a(2 + D?+3 > 9g=4 = g= g , anSwer is c.

If vertices are (2, 3) and (2, —5), then centre is (2, —1) with a=4, therefore, 1,

(y+D)* x-2°_
6 b
(y+1)°> (x-2)2
16 36

W | N

with asymptote slope % but give slope is %, therefore, %z — b=6, =1, answer is b.

The L bisector line from (2, 0) and (8, 0) is line x=5
The tangent to the axis of point (0, 4) is line y=4

Therefore, centre of circle is (5, 4) with radius 5, so (x —5)* +(y —4)% =25, answer is d.

If vertices are (=3, —1) and (=3, 5), then centre is (-3, 2), with a =3, therefore, (y —2)% —(x+3)* =9,
answer is C.

e A
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